Abstract -In this paper, the mixed convection steady boundary layer stagnation point flow and heat transfer of a third grade fluid over an exponentially stretching sheet is investigated. Both the analytical and numerical solutions are carried out. The analytical solutions are obtained through the homotopy analysis method (HAM) while the numerical solutions are computed by using the Keller box method (K-b). Comparison of the HAM and Keller-box methods is also given. The effects of important physical parameters are presented through graphs and the salient features are discussed.
INTRODUCTION
The theory of non-Newtonian fluids offers mathematicians, engineers and numerical specialists varied challenges in developing analytical and numerical solutions for the highly nonlinear governing equations. However, due to the practical significance of these non-Newtonian fluids, many authors have presented various non-Newtonian fluid models like Buongiorno (2006) , Nadeem and Ali (2009) , Akbar (2009), Lukaszewics (2003) , Nadeem et al. (2010a) , Nadeem et al. (2010b) , Elbashbeshy et al. (2011) , Nadeem et al. (2010c) . The third grade fluid model is one of the most significant fluid models that exhibits all the properties of shear thinning and shear thickening fluids. The effect of the variable magnetic field over the Couette flow of a third grade fluid was studied by Hayat and Kara (2005) . Moreover, Hayat et al. (2007) have also presented the analytical solution of the problem of a third grade fluid in a porous half space subject to sudden motion of a flat plate. Recently, Sahoo and Do (2010) analyzed slip effects over the flow and heat transfer of an electrically conducting third grade fluid past a stretching sheet. They concluded that slip causes a decrease in the momentum boundary layer thickness while producing an increase in the thermal boundary layer (thickness). Furthermore, Hayat et al. (2001) inspected the effects of fluctuating flow of a third grade fluid on a porous plate in a rotating medium. Later on, the problem of steady, laminar flow of a third grade fluid through a porous flat channel was encountered by Ariel (2003) . He considered the case when the injection rate of the fluid at a boundary is the same as the suction rate of the fluid at the other boundary. Asghar et al. (2003) discussed the unsteady flow of a third grade fluid in the case of suction where fluid is assumed to be along an infinite permeable wall.
The present work studies the boundary layer stagnation point flow of a third grade fluid through an exponentially stretching sheet. The governing highly nonlinear equations of the third grade fluid model are simplified by using a boundary layer approximation and similarity transformation. The reduced nonlinear equations are solved analytically and numerically. The analytical solutions are obtained by using the homotopy analysis method. Details of HAM can be found in the works of Nadeem et al. (2009a) , Nadeem et al. (2009b) , Ali (2009), Liao (2003) , Liao (2004) , Nadeem and Awais (2008) , Akbar (2009), Liao (1999) , Abbasbandy (2004) , Nadeem and Akbar (2010) . The numerical solutions are calculated with the help of the Keller-box method described in Keller (1978) , Cebeci and Bradshaw (1984) and Ali (1994) . The comparisons of both the solutions are also presented through graphs and tables. The particular features of the parameters are discussed through graphs of the velocity and temperature profiles and also through tables.
FORMULATION
Consider the stagnation point flow of a steady incompressible third grade fluid over an exponentially stretching sheet. The Cartesian coordinates (x, y) are used such that x is along the surface of the sheet, while y is taken as normal to it. The related boundary layer equations of motion in the presence of heat transfer are:
Here x y (v , v ) are the velocity components along the ( ) x, y axes, ρ is the fluid density, ν is the kinematic viscosity, 1 α and 3 β are the parameters of the third grade fluid, T is temperature, α is the thermal diffusivity, p is pressure and U ∞ is the free stream velocity. The corresponding boundary conditions for the problem are:
as y , u U , T T ,
where the free stream velocity U ∞ , the stretching velocity w U , and the surface temperature w T , are defined as:
where a and b are constant velocities, c is constant temperature and L is the reference length. Defining the following similarity transformations:
With the help of the transformations in Eqs. (7) and (8), the governing equations take the form: 
where b / a ε = .
The skinfriction coefficient and the local Nusselt numbers are obtained in dimensionless form as:
SOLUTION OF THE PROBLEM Analytical Solution
The analytical solution of the above boundary value problem is obtained with the help of HAM. For the HAM solution, we choose the initial guesses as 
The corresponding auxiliary linear operators are:
They satisfy: 
Numerical Solution
The numerical solution of Equations (9) and (10) subject to the boundary conditions (11) and (12) is obtained through the Keller-box scheme. For this scheme we first reduce these equations to a first order system; the system obtained is then approximated by central differences. Further, these difference equations are linearized by Newton's method. The resulting tri-diagonal system is then solved using the block-elimination technique. Results obtained from Keller-box are discussed and compare with HAM in the next section.
RESULTS AND DISCUSSION
The behavior of the different parameters involved for the stagnation point flow of a third grade fluid over an exponentially stretching sheet has been obtained numerically by Keller- holds for the other parameters as well. Fig. 8 shows the behavior of f ′ for different values of ε The velocity field changes its behavior at 1 ε = , i.e., for 1, ε < the velocity field is increasing, for 1 ε = , it becomes constant and for 1, ε < it is decreasing, meanings that a higher stretching velocity corresponds to a decrease in the velocity profile. Fig. 9 graphs the velocity profile for different values of β . It is observed that, for 1, ε < an increase in the second grade parameter β causes the velocity field to increase, whereas for 1; ε < an increase in β corresponds to a decrease in the velocity field. Fig. 10 plots the velocity profile f ′ for different values of .
Γ The behavior of Γ is similar to that of .
β Figs. 10 and 12 plot the temperature profile for different values of the parameters Pr and ε . We note that in both cases increasing the parameters corresponds to a decrease in the temperature profile and the thermal boundary layer thickness. The coefficient of skin friction is graphed in Fig. 13 under the influence of the third grade parameter Γ against Re for different ε . From Fig. 13 it is noted that both Γ and ε cause an increase in the skin friction coefficient. Fig. 14 Tables 1 and 2 and compare the HAM and Keller-box solutions at the boundary for f ′′ and , ′ θ corresponding to the skin friction coefficient and local Nusselt number, respectively, for different values of the parameters involved. From Table 1 , we note that ε and β have decreasing effects on the skin friction coefficient and that the rate of decrease is also decreasing, while Γ introduces an increase in the skin friction coefficient. Table 2 shows the variation in the Nusselt number for different values of the parameters. From Table 2 it is observed that Pr and ε increase the Nusselt number, while Γ decreases the Nusselt number and the heat transfer rate at the surface. 
